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RI DSSURDFK SHUPLW ORFDO PHVK UHILQHPHQW PLQLPL]LQJ WKH QXPEHU RI FRPSXWDWLRQDO FHOOV DQG SURYLGLQJ WKH VSDWLDO
UHVROXWLRQUHTXLUHGIRUWKHVWXG\RIWXUEXOHQWIORZVSDVWEOXIIERGLHV
7KH SURSRVHG$05 DOJRULWKP ERUURZV IURP SUHYLRXV ZRUN E\ %HUJHU> @ DQG 3RZHOO >@ WKDW GHVFULEHV DQ $05
IRUPXODWLRQ IRU&DUWHVLDQPHVKHV DQG FHOOEDVHG$05PHWKRGV0RUHRYHU$05/(6 YDULDQWV KDYH EHHQ SUHVHQWHG IRU
WXUEXOHQW IORZVDURXQGEOXII ERGLHV>@ DQG$05DSSURDFK IRU ILQLWH YROXPHPHWKRGV>@7KH/(6PRGHOXVHG LQ WKH
SUHVHQWZRUNLVWKH:$/(PRGHO>@ZLWKLQDYDULDWLRQDOPXOWLVFDOHIUDPHZRUN>@906:$/(
7KLV DUWLFOH LV RUJDQL]HG DV IROORZV  ,Q 6HFWLRQ  WKH V\VWHP RI JRYHUQLQJ HTXDWLRQV XVLQJ D V\PPHWU\ SUHVHUYLQJ
GLVFUHWL]DWLRQLVGHVFULEHG,Q6HFWLRQDGHWDLOHGGHVFULSWLRQRIWKHDGDSWLYHPHVKUHILQHPHQWVFKHPHGHYHORSHGDQGWKH
SDUDOOHOL]DWLRQVWUDWHJ\LVSUHVHQWHG,Q6HFWLRQWKHVROXWLRQVIRUDWXUEXOHQWIORZDURXQGDVTXDUHF\OLQGHUDUHFRPSDUHG
WRH[SHULPHQWDOUHVXOWV)LQDOO\VRPHFRQFOXVLRQVDUHGUDZQ
 0DWKHPDWLFDO)RUPXODWLRQ
7KH WXUEXOHQW IORZ LV GHVFULEHGE\PHDQVRI/(6 XVLQJ V\PPHWU\SUHVHUYLQJGLVFUHWL]DWLRQV7KH VSDWLDO ILOWHUHG DQG
GLVFUHWL]HG1DYLHU6WRNHVHTXDWLRQVFDQEHZULWWHQDV
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ZKHUH0&' DQG* DUH WKH GLYHUJHQFH FRQYHFWLYH GLIIXVLYH DQG JUDGLHQW RSHUDWRUV UHVSHFWLYHO\ LV D GLDJRQDOPDWUL[ZLWK WKHVL]HVRIFRQWUROYROXPHVȡ LV WKHIOXLGGHQVLW\Ȟ WKHYLVFRVLW\S UHSUHVHQWV WKHILOWHUHGSUHVVXUHX LV WKH
ILOWHUHGYHORFLW\ȂUHSUHVHQWVWKHGLYHUJHQFHRSHUDWRURIDWHQVRUDQGȉPLVWKH6*6VWUHVVWHQVRU
7KHJRYHUQLQJHTXDWLRQVKDYHEHHQGLVFUHWL]HGRQDFROORFDWHGXQVWUXFWXUHGJULGDUUDQJHPHQWE\PHDQVRIVHFRQGRUGHU
VSHFWURFRQVLVWHQWVFKHPHV>@2XUVFKHPHVDUHFRQVHUYDWLYHLHWKH\SUHVHUYHWKHV\PPHWU\SURSHUWLHVRIWKHFRQWLQXRXV
GLIIHUHQWLDO RSHUDWRUV DQG HQVXUH ERWK VWDELOLW\ DQG FRQVHUYDWLRQ RI WKH NLQHWLFHQHUJ\ EDODQFH HYHQ DW KLJK 5H\QROGV
QXPEHUVDQGZLWKFRDUVHPHVKHV7KHVHFRQVHUYDWLRQSURSHUWLHVDUHKHOGLIDQGRQO\LI WKHGLVFUHWHFRQYHFWLYHRSHUDWRULV
VNHZV\PPHWULF&X &XLIWKHQHJDWLYHFRQMXJDWHWUDQVSRVHRIWKHGLVFUHWHJUDGLHQWRSHUDWRULVH[DFWO\HTXDOWRWKH
GLYHUJHQFH RSHUDWRU *  0 DQG LI WKH GLIIXVLYH RSHUDWRU ' LV V\PPHWULF DQG SRVLWLYHGHILQLWH )RU WKH WHPSRUDO
GLVFUHWL]DWLRQRIWKHPRPHQWXPHTXDWLRQDWZRVWHSOLQHDUH[SOLFLWVFKHPHRQDIUDFWLRQDOVWHSPHWKRGKDVEHHQXVHGIRUWKH
FRQYHFWLYH DQG GLIIXVLYH WHUPV ZKLOH IRU WKH SUHVVXUH JUDGLHQW WHUP DQ LPSOLFLW ILUVWRUGHU VFKHPH KDV EHHQ XVHG 7KLV
PHWKRGRORJ\KDVEHHQSUHYLRXVO\XVHGZLWKDFFXUDWHUHVXOWVIRUVROYLQJWKHIORZRYHUEOXIIERGLHVZLWKPDVVLYHVHSDUDWLRQ
>@
 $GDSWLYHPHVKUHILQHPHQWDOJRULWKP
,QWKLVVHFWLRQWKHEDVLFDOJRULWKPIRUPHVKUHILQHPHQWLVGHVFULEHG0HVKDGDSWDWLRQLVDFFRPSOLVKHGE\FRDUVHQLQJDQG
GLYLGLQJDJURXSRIFHOOVIROORZLQJUHILQHPHQWFULWHULDEDVHGRQRXUSK\VLFDOXQGHUVWDQGLQJRIWKHSUREOHP,QUHJLRQVZKHUH
VSDWLDOUHVROXWLRQQHHGVWREHLQFUHDVHGDSDUHQWFHOOLVUHILQHGE\GLYLGLQJLWVHOILQWRIRXUWZRGLPHQVLRQVRUHLJKWWKUHH
GLPHQVLRQV FKLOGUHQ )LJ  +RZHYHU LQ DUHDV WKDW DUH RYHU UHVROYHG WKH UHILQHPHQW SURFHVV FDQ EH UHYHUVHG E\
FRDUVHQLQJ IRXURUHLJKWFKLOGUHQ LQWRDVLQJOHSDUHQWFHOO ,QDQ\FDVH WKHJULGDGDSWDWLRQ LVFRQVWUDLQHGVXFKDV WKHFHOO
UHVROXWLRQ FKDQJHV E\ RQO\ D IDFWRU RI WZR EHWZHHQ DGMDFHQW FHOOV DQG WKH PD[LPXP UHVROXWLRQ LV GHWHUPLQHG E\ WKH
.ROPRJRURYVFDOHVGHULYHGIRUWKLVSUREOHP
 
)LJ,OOXVWUDWLRQRI$05WHFKQLTXHDSSOLHGWRD'0HVK
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
7KH SURSRVHG PHVK UHILQHPHQW VFKHPH LV EDVHG RQ OLQHDU LQWHUSRODWLRQ WKLV VFKHPH LV SHUIRUPHG E\ DYHUDJLQJ WKH
DGMDFHQWYHUWH[FRRUGLQDWHVRIWKHSDUHQWFHOO,QDGGLWLRQDWUHHGDWDVWUXFWXUHLVXVHGWRNHHSLQJWUDFNRIWKHFRPSXWDWLRQDO
FHOO FRQQHFWLYLW\ WR WUDQVPLW WKH LQIRUPDWLRQ EHWZHHQ WKH ROG DQG QHZ PHVK ZKHUHLQ WKH LQIRUPDWLRQ RQ WKH WUHH GDWD
VWUXFWXUHLVFRUUHVSRQGLQJWRWKHOHYHORIUHILQHPHQWDQGWKHLQGH[HVUHSUHVHQWLQJHDFKFHOO
7KH$05VFKHPHDSSOLHVWKHHGJHEDVHGGDWDVWUXFWXUHLQVHDUFKLQJDQGVWRULQJFHOOFRQQHFWLYLW\UHODWHGGDWD:LWKWKLV
HGJHEDVHG GDWD VWUXFWXUH WKH FHOOV FRQWDLQLQJ D FRPPRQ UHILQHG HGJH FDQ EH LGHQWLILHG ZKHUHZLWK FRPPRQ QRGHV DUH
DGGHG WR WKH FHOOV WKDW VKDUHV WKH FRPPRQ UHILQHG HGJH 7KH FRDUVHQLQJ DOJRULWKP IROORZV D VLPLODU SURFHVV ZKHUH WKH
VHOHFWHGFKLOGFHOOVEHFRPHDSDUHQWFHOOV,QWKLVFDVHWKHHGJHEDVHGGDWDVWUXFWXUHLVXVHGWRHOLPLQDWHFRPPRQQRGHVLI
WKHQHLJKERUFHOOKDVWKHVDPHRUDORZHUOHYHORIUHILQHPHQWFRPSDUHGZLWKWKHQHZFRDUVHFHOOOHYHO$IWHUWKHDGGLWLRQ
HOLPLQDWLRQRIQRGHVWKHQHZUHILQHGFRDUVHQHGFHOOVDQGIDFHVDUHFUHDWHGUHVXOWLQJLQDQHZFRQQHFWLYLW\GDWD
 3DUDOOHOVWUDWHJ\DQGGRPDLQGHFRPSRVLWLRQ
:ULWLQJDSDUDOOHODOJRULWKPRIPHVKUHILQHPHQWIRUVFLHQWLILFFRPSXWDWLRQVLVDFULWLFDOZRUN7KHVHNLQGVRIDOJRULWKPV
DUH GHYHORSHG RQ DSSOLFDWLRQ EDVLV KLJKO\ RSWLPL]HG WR VROYH D FHUWDLQ SUREOHP 7KH SDUDOOHOL]DWLRQ LV EDVHG RQ D IXOO\
GLVWULEXWHG FRPSXWDWLRQDO JULG DSSURDFK ZKHUH HYHU\ SURFHVV UHTXLUHG GXULQJ WKH VROXWLRQ SURFHGXUH LV SHUIRUPHG LQ
SDUDOOHOZLWKRXWUHSUHVHQWLQJDQ\SURFHVVVWHSRQRQHFRUH
7KHSURSRVHGRYHUDOOSURFHGXUHIRUSDUDOOHODGDSWLYHPHVKUHILQHPHQWLVLPSOHPHQWHGRQDPHPRU\GLVWULEXWHGSDUDOOHO
FRPSXWHUXVLQJ03,DVWKHGDWDFRPPXQLFDWLRQSURWRFRODQGLVFDUULHGRXWHYHU\WLPHXQLWIUDFWLRQGHULYHGIRUWKHVWXGLHG
FDVH 7KH SDUDOOHO DGDSWLYH PHVK UHILQHPHQW FRQVLVWV RQ GLYLGH WKH FRPSXWDWLRQDO JULG RQ VXEGRPDLQV ZKHUH HDFK RQH
EHORQJV WR D VSHFLILF SURFHVVRU WKDW UHDGV WKH FRUUHVSRQGLQJ JULGGDWD&HOOV LQZKLFK UHILQHPHQW RU FRDUVHQLQJPXVW EH
GRQHDUHIODJJHGDQGWKRVHSURFHVVHVDUHSHUIRUPHGRQWKHVXEGRPDLQWKDWFRQWDLQVHDFKSURFHVVRUDFFRUGLQJWRWKHFULWHULD
PHQWLRQHGLQWKHODVWVHFWLRQ7KHUHE\WKHFRPPXQLFDWLRQSURFHVVLVKHOGZLWKQRGHVDQGIDFHVGDWDFRUUHVSRQGLQJWRWKH
ERXQGDULHVRIWKHQHLJKERULQJSURFHVVRUV7KHQH[WVWHSFRQVLVWLQXQLI\WKHJOREDOQRGHIDFHDQGFHOOLQGH[HVGXHWRWKH
QHZ PHVK GDWD DPRQJ DOO SURFHVVRUV DQG EXLOG XS D QHZ FRQQHFWLYLW\ GDWD IRU DOO FHOOV )LQDOO\ DOO SURFHVVRUV DUH
V\QFKURQL]HGDQGWKHGDWDLVJDWKHUHGWRFUHDWHD+')GDWDILOHWKDWFRQWDLQVWKHLQIRUPDWLRQRIWKHQHZPHVKWKDWZLOOEH
SDUDOOHOSDUWLWLRQHGDQGH[WUXGHGWREHXVHGLQWKHQH[WVWHSRIWKHVROXWLRQSURFHGXUH
3DUDOOHOSDUWLWLRQLQJJHQHUDOO\UHIHUVWRDUHGLVWULEXWLRQRIWKHFHOOVDPRQJSURFHVVHVZLWKRXWFKDQJLQJWKHJOREDOPHVK
WRSRORJ\7KXVDZHLJKWHGGXDOJUDSKLVXVHGDVLQSXWIRUDJUDSKSDUWLWLRQHUIRUWKLVSXUSRVHLVXVHG3DU0(7,6>@WKDW
SURGXFHVQHZSDUWLWLRQVZKLFKLVDQRSWLPDOZD\WRDFKLHYHORDGEDODQFH7KLVZLOOOHDGWRDQHZSDUWLWLRQHGPHVKZLWKD
JRRGORDGEDODQFHILJWKDWZLOOEHXVHGIRUWKHQH[WVLPXODWLRQVWHS


D E 
)LJ,OOXVWUDWLRQRIWKHFRPSXWDWLRQDOGRPDLQIRUDWXUEXOHQWSUREOHPDFRPSXWDWLRQDOJULGUHVXOWLQJIURPWKHDSSOLFDWLRQRIWKH$05VFKHPH
EGHFRPSRVLWLRQGRPDLQIRUSURFHVVRUV

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 $05/(6RIWXUEXOHQWIORZDURXQGDVTXDUHF\OLQGHUDW5H 
1XPHULFDO VLPXODWLRQVRI WKH IORZDURXQGD VTXDUHF\OLQGHUDUHSHUIRUPHGDW5H ZKHUH5H\QROGVQXPEHU LV
GHILQHGLQWHUPVRIWKHIUHHVWUHDPYHORFLW\8DQGWKHVTXDUHOHQJWK/6ROXWLRQVDUHREWDLQHGRQDFRPSXWDWLRQDOGRPDLQRI
GLPHQVLRQV>//@>//@>/@ZKHUHWKHVTXDUHF\OLQGHULVORFDWHGDW[ \ 7KHJRYHUQLQJHTXDWLRQVDUH
VROYHGRQDQDGDSWLYHPHVKJHQHUDWHGIURPWKHH[WUXVLRQDURXQG WKHD[LVRID WZRGLPHQVLRQDOJULG LQD [\SODQH7KH
ERXQGDU\FRQGLWLRQVDW WKHLQIORZFRQVLVWRIDXQLIRUPYHORFLW\XYZ $SUHVVXUHEDVHGFRQGLWLRQLVXVHGDW WKH
RXWOHWERXQGDU\IRUWKHGRZQVWUHDP1RVOLSFRQGLWLRQVRQWKHVTXDUHF\OLQGHUDUHLPSRVHG
6RPHLOOXVWUDWLYHUHVXOWVREWDLQHGDUHGHSLFWHGLQ)LJXUHDQG9RUWLFLW\VWUXFWXUHVLQWKHQHDUZDNHREWDLQHGZLWKWKH
DGDSWLYH JULG DUH SORWWHG LQ )LJ D DQG WKH FRPSXWDWLRQDO JULG IRU WKDW WLPH VWHS LV SORWWHG LQ )LJ E )XUWKHUPRUH
SUHOLPLQDU\ UHVXOWV IRU WKH DYHUDJHG VWUHDPZLVH YHORFLW\ DW GLIIHUHQW ORFDWLRQV DUH FRPSDUHG ZLWK H[SHULPHQW DYDLODEOH
UHVXOWV>@LQILJXUH$VFDQEHVHHQUHVXOWVREWDLQHGZLWKDSDUDOOHODGDSWLYHPHVKUHILQHPHQWDUHYHU\SURPLVLQJDV
WKH\DUHDEOHWRSUHGLFWWKHILUVWDQGVHFRQGRUGHUVWDWLVWLFVVXFFHVVIXOO\
D E 
)LJ,OOXVWUDWLRQ/(6RIWXUEXOHQWIORZDURXQGDVTXDUHF\OLQGHUD9RUWLFLW\VWUXFWXUHVEFRPSXWDWLRQDOJULG
D E 
)LJ3UHOLPLQDU\UHVXOWVRIVWDWLVWLFVDWGLIIHUHQWORFDWLRQVD$YHUDJHGVWUHDPZLVHYHORFLW\EDQG5H\QROGVVWUHVVHV
 &RQFOXGLQJUHPDUNVDQGIXWXUHZRUN
$SDUDOOHODGDSWLYHPHVKUHILQHPHQWKDVEHHQGHYHORSHGDQGLPSOHPHQWHGRQDSDUDOOHO&)'HQYLURQPHQW$05/(6RI
D WXUEXOHQW IORZDURXQG D VTXDUH F\OLQGHU DW5H KDVEHHQ FDUULHGRXW XVLQJ D V\PPHWU\SUHVHUYLQJ IRUPXODWLRQ
1XPHULFDOUHVXOWVRIWKHYHORFLW\DYHUDJHDQGIOXFWXDWLRQVGHPRQVWUDWHGWKHSRWHQWLDORIWKHDSSURDFKIRUSHUIRUPLQJ$05
/(6IRUWXUEXOHQWIORZSDVWEOXIIERGLHV$FRPSDULVRQEHWZHHQWKH$05/(6UHVXOWVDQGWKHH[SHULPHQWDOUHIHUHQFHVKDV
EHHQDQDO\]HGLQGLIIHUHQW]RQHVZKHUHWKHJULGDGDSWDWLRQKDVEHHQDSSOLHG7KHFRPSXWDWLRQDOFRVWEHQHILWVXVLQJ/(6
$05 DSSURDFK ZLOO EH VWXGLHG. 0RUH VLPXODWLRQV IRU GLIIHUHQW NLQG RI FRQILJXUDWLRQV VFKHPHV DQG PHVKHV ZLOO EH
SUHVHQWHGLQRUGHUWRDVVHVVWKHSRWHQWLDORIWKLVNLQGRIQXPHULFDOVLPXODWLRQVLQWKHILQDOSDSHU
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